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Abstract
We present a smooth extension of the Schwarzschild exterior ge-
ometry, where the singular interior is superceded by a vacuum phase
with vanishing metric determinant. Unlike the Kruskal-Szekeres con-
tinuation, this solution to the first order field equations in vacuum
has no singularity in the curvature two-form fields, no horizon and
no global time. The underlying non-analytic structure provides a dis-
tinct geometric realization of ‘mass’ in classical gravity. We also find
that the negative mass Schwarzschild solution does not admit a simi-
lar extension within the first order theory. This is consistent with the
general expectation that degenerate metric solutions associated with
the Hilbert-Palatini Lagrangian formulation should satisfy the energy
conditions.
Keywords: Curvature singularity, Schwarzschild, Degenerate metric, Naked
singularity; MG15 Proceedings; World Scientific Publishing.
1 Introduction
In view of the imposing experimental success of Einstein’s theory of gen-
eral relativity, one could be tempted to accept the invertible metric phase
(det gµν 6= 0) as a self-contained and complete framework in describing the
classical dynamics of spacetimes. However, in general, (the first order for-
mulation of) gravity theory is known to exhibit an additional phase based on
non-invertible metrics [1, 2, 3]. From a general perspective, the Einsteinian
theory is nothing more or less than the special phase of first order theory
where the metric is invertible everywhere. It then seems natural to ask as
to how certain robust features of Einsteinian solutions, such as singulari-
ties, get manifested in a more generic solution where both the phases could
coexist.
In the spherically symmetric vacuum Einstein theory, the Schwarzschild
spacetime happens to be the unique solution. For a positive (negative) mass,
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its singular interior represents a black hole with a horizon (a naked singu-
larity without a horizon). However, in the presence of both the phases of
first order gravity, there is no reason for Birkhoff’s uniqueness theorem to
be applicable, as it works only under the assumption of the invertibility of
metric. Here we provide an explicit realization of such a scenario [4, 5].
The solutions discussed are smooth extensions of the Schwarzschild exterior
through a noninvertible metric phase, which supercedes the interior of the
standard Schwarzschild solution of Einstein equations. These spacetimes
are solutions to the first order equations of motion everywhere. The asso-
ciated field-strength components are manifestly finite everywhere, unlike in
the standard Schwarzschild case. Even though it is not possible to construct
four dimensional curvature scalars in regions where the metric is degener-
ate, it is still possible to define effective lower-dimensional curvature scalars
associated with the nondegenerate subspace of the four geometry in such
regions. All such scalars are found to be finite, implying that the emergent
three-geometry is regular.
Let us now elucidate our construction for the positive mass Schwarzschild
geometry, followed by a brief discussion of the negative mass case.
2 A smooth extension of the Schwarzschild exte-
rior
Our aim is to construct a smooth continuation of the Schwarzschild exterior,
such that it satisfies the vacuum field equations of first order gravity1. These
equations of motion are obtained through a variation of the Hilbert-Palatini
Lagrangian density with respect to the tetrad and connection fields:
e
[K
[µ Dν(ω)e
L]
α] = 0, e
[J
[νR
KL]
αβ] (ω) = 0 . (1)
Although degenerate solutions to these equations may be associated with
nontrivial torsion in general, we shall consider torsionless configurations
which would be sufficient for our purpose here.
2.1 Basic fields:
We define the two phases of the full spacetime through the following metric
(t ∈ (−∞,∞), u ∈ (−∞,∞), θ ∈ [0, pi], φ ∈ [0, 2pi]):
ds2 = −
[
1− 2M
f(u)
]
dt2 +
f ′2(u)[
1− 2M
f(u)
]du2 + f2(u) [dθ2 + sin2 θdφ2] (u > u0),
= 0 + σF 2(u)du2 +H2(u)
[
dθ2 + sin2 θdφ2
]
(u ≤ u0). (2)
1The form of the metric defining the full spacetime here is the same as introduced
in ref.[5]. However, the solutions there are based on fields that are continuous but not
smooth and have nonvanishing torsion, unlike the case here.
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The smooth functions f, F satisfy the following set of boundary conditions:
f(u)→ 2M, f ′(u)→ 0, F (u)→ 0 as u→ u0;
f(u)→∞, f ′(u)→ 1 as u→∞. (3)
While the first line above ensures the continuity of the metric, the last line
implies that the spacetime is flat as u → ∞. The internal metric is given
by ηIJ = diag[−1, 1, 1, 1]. The metric at u > u0 may be brought to the
Schwarzschild form through a reparametrization u → r = f(u). However,
the degenerate metric at u ≤ u0 has no semblance to the Schwarzschild
interior. Also, u0 in this construction is not a new free parameter, but
rather is dependent on the ‘mass’ parameter M. Although it is not necessary
to adopt any specific f(u), we choose it to be the following in order to be
explicit:
f(u) = 2M
[
1 +
∣∣∣∣ uu0 − 1
∣∣∣∣ e− u
2
0
(u−u0)
2
]
.
This satisfies all the boundary conditions in (3) provided u0 = 2M .
The nonvanishing components of the associated (torsionless) spin-connection
and the resulting field-strength are given below:
ω 01t =
M
f2(u)
, ω 23φ = − cos θ, ω 31φ =
(
1− 2M
f(u)
) 1
2
sin θ = −ω 12θ sin θ;
R 01tu =
2Mf ′(u)
f3(u)
, R 03tφ = −
M
f2(u)
(
1− 2M
f(u)
) 1
2
sin θ = R 02tθ sin θ,
R 23θφ =
2M
f(u)
sin θ, R 31φu = −
Mf ′(u)
f2(u)
(
1− 2M
f(u)
)
−
1
2
sin θ = R 12uθ sin θ (4)
At the region u ≤ u0 with a degenerate phase, we choose a zero-torsion
configuration, defined by the following connection fields along with the as-
sociated field-strength:
ωˆ 23φ = − cos θ, ωˆ 31φ =
H ′(u)√
σF (u)
sin θ = −ωˆ 12θ sin θ;
Rˆ 23θφ =
[
1− σ
(
H ′(u)
F (u)
)2]
sin θ, Rˆ 31φu = −
[
H ′(u)√
σF (u)
]
′
sin θ = Rˆ 12uθ sin θ,(5)
where we have displayed only the nonvanishing components. Note that
even though some of the field components are imaginary for σ = −1, the
physical fields, given by their SO(3, 1) gauge-invariant counterparts Rˆµναβ =
Rˆ IJµν eˆµI eˆνJ , are all real.
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2.2 Solving the field equations:
Since this configuration with degenerate tetrads have vanishing torsion by
construction, the first of the set of equations of motion (1) is already satisfied.
The remaining equation involving the curvature two-form is also satisfied
provided the fields obey the constraint:(
H ′2(u)
F 2(u)
− σ
)
F (u) + 2H(u)
(
H ′(u)
F (u)
)
′
= 0 (6)
A solution to the continuity conditions at u = u0 and the constraint (6) is
given by:
F (u) = − f
′(u)
√
σ
(
1− 2M
f(u)
) 1
2
, H(u) = f(u) (7)
Note that all the gauge covariant fields (tetrad and field-strength) are smooth
across the phase boundary. The apparent discontinuity in the connection
field (ω 01t 6= ωˆ 01t at u = u0) could be gauged away by a boost of the form:
ΛIJ =


cosh
[
t
4M
]
sinh
[
t
4M
]
0 0
sinh
[
t
4M
]
cosh
[
t
4M
]
0 0
0 0 1 0
0 0 0 1


2.3 Distinct features:
We now summarize the main features of these new solutions of first order
field equations:
a) The spacetime metric, along with all the gauge-covariant fields in this
solution, are smooth everywhere.
b) The curvature two-form fields are finite everywhere, in contrast to the
case of a Schwarzschild interior.
c) There is no horizon; Rather, the two-sphere at u = u0 characterizes a
minimal area surface Amin = 16piM
2 and is impenetrable, at least classically.
d) The solution has a free parameter ‘M’, exactly as in the usual Schwarzschild
case. However, there is no matter sourcing this mass, rather, its origin is
purely geometric.
e) The method of defining the degenerate phase through gˆtt = 0 is unique,
since it is not possible to obtain a nontrivial extension of the Schwarzschild
exterior through a degeneracy in any other direction (e.g. gˆuu = 0).
Finally, note that even though the four-curvature scalar polynomials
cannot be defined everywhere due to the noninvertibility of tetrads, the
spacetime at u ≤ u0 may be treated as an emergent three-geometry defined
solely by the induced metric:
ds2 = σF 2(u)du2 +H2(u)
[
dθ2 + sin2 θdφ2
]
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The three-scalar curvature polynomials built upon the torsionless connection
for this three-geometry also turn out to be finite everywhere.
3 Naked singularity
Next, let us analyze the case of negative mass Schwarzschild geometry, the
corresponding metric being obtained through a sign reversal M → −M .
This represents a naked singularity solution of vacuum Einstein equations.
Since there is no horizon in the original geometry (gtt 6= 0), let us consider
an extension in first order gravity through guu = 0 at u ≤ u0 is as follows:
ds2 = −
[
1 +
2M
f(u)
]
dt2 +
f ′2(u)[
1 + 2M
f(u)
]du2 + f2(u) [dθ2 + sin2 θdφ2] (u > u0),
= −
[
1 +
2M
f0
]
dt2 + 0 + f20
[
dθ2 + sin2 θdφ2
]
(u ≤ u0), (8)
where u = u0 corresponds to the phase boundary hypersurface and f0 =
f(u0). Since the phase boundary must correspond to some finite but nonzero
Schwarzschild radius (r), f0 > 0. However, the noninvertible phase above
just corresponds to the trivial restriction of the original negative mass so-
lution at u = u0 rather than a new spacetime region. The same conclusion
holds for a possible degeneracy through gtt = 0 (based on a redefined ‘time’).
Thus, the singular curvature-two form fields associated with ‘negative
mass’ solution cannot be regularized using a degenerate extension, in con-
trast to the ‘positive mass’ case discussed in the previous section.
4 Conclusions
The smooth extension of the exterior Schwarzschild geometry, as discussed
here, involves a modification of the standard picture of a singular black hole
interior in a purely classical setting [5, 6]. These solutions could provide a
fresh perspective into the information loss problem. Being rooted within a
fairly conservative framework based on first order gravity, such an approach
could complement (and perhaps supercede) some of the more exotic pro-
posals (e.g. Firewall or Fuzzball programme) that have been put forth to
resolve this celebrated paradox.
The cases of positive and negative mass curvature singularities of the Ein-
steinian theory are perceived very differently within this framework. While
the singular interior of positive mass Schwarzschild geometry may be traded
for a zero-determinant phase with regular field-strength components, the
negative mass naked singularity admits no such smooth extension in first
order gravity. This outcome, however, is consistent with the general expec-
tation [7] that degenerate metric (det gµν = 0) solutions obtained within the
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Hilbert-Palatini Lagrangian formulation [1, 2, 3] should satisfy the energy
conditions. The scenario here may be contrasted with the case of degener-
ate triad (detEai = 0) solutions obtained earlier within the complex SU(2)
(Sen-Ashtekar) Hamiltonian framework, which are known to contain nega-
tive energy geometries [8].
Finally, let us note that in the vacuum solution constructed here, there
is no matter sourcing the ‘mass’ M. Rather, its origin could be attributed to
the time-nonorientability at the phase boundaries [5, 6, 9, 10]. This is an in-
teresting realization of mass through pure geometry. Further, this scenario is
distinct from the remarkable ideas explored first by Einstein-Rosen [11] and
later by Wheeler-Misner [12], through their respective attempts to generate
‘mass’ and ‘charge’ from a nontrivial geometry or topology. To emphasize,
our analysis here does not involve wormholes (which are not solutions to the
vacuum field equations in general) or quantum configurations such as geons.
It would be natural to ask if there is a more interesting manifestation of
such geometric ‘mass’ sourced by noninvertible phases in vacuum.
To conclude, given the number of intriguing features of these ‘two-
phased’ solutions, one wonders if quantum gravity could be a more suitable
arena for further explorations based on these.
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